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Your answers may rely on theorems, lemmas and results stated in the lecture notes and exercise sheets
of this course.

1 ETH Lower Bound [15 marks|

Recall that a feedback vertex set of a multigraph G = (V| F) is a set of vertices S C V' such that G — §
is acyclic.

FEEDBACK VERTEX SET (FVS)
Input: Multigraph G = (V, E), integer k
Parameter: k&
Question:  Does G have a feedback vertex set of size at most k7

e Prove that FEEDBACK VERTEX SET has no 2°*) time algorithm if the Exponential Time Hypoth-
esis is true.

2 3-SAT [40 marks|

Consider the LOCAL-SEARCH-3-SAT problem.

LOCAL-SEARCH-3-SAT (LS-3-SAT)
Input: A CNF formula F where each clause contains at most 3 literals, an assignment
a :var(F) — {0,1}, and an integer k
Parameter: k&
Question:  Is there an assignment 3 : var(F') — {0, 1} that differs with o on at most k variables
and that satisfies F'7

1. Design an O*(3%) time algorithm for LOCAL-SEARCH-3-SAT. [15 marks]

2. Based on that algorithm, show that 3-SAT can be solved in O*(3"/2) C O*(1.7321") time, where
n = |var(F)|. [10 marks|

3. Assume there is a 0*(2.792%) time algorithm, called BK04, for L.S-3-SAT.
Design a 0*(2.792F) time algorithm for the following problem: [15 marks]

FIND-LS-3-SAT
Input: A CNF formula F' where each clause contains at most 3 literals, an assignment
a:var(F) — {0,1}, and an integer k
Output: An assignment [ : var(F') — {0, 1} that differs with o on at most k variables and
that satisfies F', if there is one, and NO otherwise.
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3 Weighted 2-Regular Vertex Deletion [45 marks]

In a multigraph G = (V, E), each edge contributes 1 to the degree of each of its endpoints; in case the
edge connects a vertex to itself (self-loop), it contributes 2 to the degree of this vertex.

Consider the WEIGHTED 2-REGULAR VERTEX DELETION problem. A 2-reqular multigraph is
a multigraph where every vertex has degree 2. That is, it is a disjoint union of cycles — this includes
isolated 1-cycles (a vertex connected only to itself via one self-loop) and 2-cycles (a connected component
with two vertices connected to each other by two edges).

WEIGHTED 2-REGULAR VERTEX DELETION (W2RVD)
Input: Multigraph G = (V, E), a weight function w : V' — NT assigning an integer w(v) > 1
to every vertex v € V| and an integer k
Parameter: k&

Question:  Is there a set S C V' with weight } _ow(v) at most k such that G — S is a 2-regular
multigraph?

1. Design simplification rules that transform (G,w, k) into an equivalent instance (G',w’, k') such
that

(a) G’ has no vertex of degree at most 1, and [5 marks|

(b) G’ has no degree-2 vertex with a neighbor of degree 2 (and G’ has no isolated 1-cycles, which
is a special case). [10 marks]

2. Show that a multigraph with minimum degree at least 2 and no degree-2 vertex with a neighbor
of degree 2 has average degree at least 2.4. [15 marks]

3. Show that there is a (possibly randomized) algorithm for W2RVD with running time O*(c*) for
some constant ¢ > 1. [15 marks]

End of Paper
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