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Your answers may rely on theorems, lemmas and results stated in the lecture notes.

1 Basics of Parameterized Complexity [20 marks]|

Prove the following theorem.

Theorem 1. Let II be a parameterized decision problem. If 11 is FPT, then there exists a computable
function f such that I1 can be solved in time f(k)+n®Y, where k is the parameter and n is the instance
size.

2 Max Cut — Kernel and FPT algorithm [60 marks]

A cut in a graph G = (V, E) is a partition of the vertex set V into two sets U and W. The size of a
cut is the number of edges with one endpoint in U and the other endpoint in W, i.e., [{uv € E : u €
U and v € W}|. Consider the MAX CUT problem.

Max Cut
Input: A graph G = (V, E), an integer k
Parameter: k&
Question:  Does G have a cut of size at least k?
Example:

The instance (H,5), where H is the depicted graph, is a YES-instance, since the vertex partition
{{a,b},{c,d,e, f}} is a cut of size 5.

1. Design a simplification rule that removes vertices of degree 0. [10 marks]
2. Design a simplification rule that removes vertices of degree 1. [10 marks]
3. Obtain a kernel with O(k) vertices and edges. You may use the following theorem: [20 marks]

Theorem 2. Let G = (V, E) be a graph. There is a function a: V — {0, 1} assigning the label O
or 1 to each vertexr in V' such that at least |E|/2 edges have one endpoint labeled 0 and the other
endpoint labeled 1.

Proof. The proof is by a probabilistic argument. If we randomly label the vertices of G with 0 and
1, the expected number of edges where the endpoints have distinct labels is |E|/2. Therefore, there
exists at least one labeling where at least |E|/2 edges have distinct labels on their endpoints. [

4. Design an FPT algorithm for MAX CUT with running time 4% - kO 4 n00), [20 marks]

Page 2 of 3 Please see over



3 W]1]-hardness [20 marks]

We denote by G = (AW B, E) a bipartite graph whose vertex set is partitioned into two independent
sets A and B. Consider the HALL SET problem, which asks for a subset S of at most £k vertices in A

whose neighborhood is smaller than S.

HAaLL SET (HS)
Input: A bipartite graph G = (AW B, F) and an integer k

Parameter: k
Question:  Is there a set S C A of size at most k such that [N (S5)| < |S|?

e Show that HALL SET is W[1]-hard.

Hints: Reduce from CLIQUE. For a set £’ of edges, the set V(E') = {u € e : e € E'} denotes the set of
endpoints of E’. Observe that for a set £’ of (5) edges, we have that |V (E’)| < k if and only if V(E")

is a clique of size k.

End of Paper
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